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1. Denote by G the group of the equation upon which depends the determi-

nation of the curves of order n — 3 having simple contact at \n ( n — 3 ) points

with a given curve Cn of order n having no double points. The case in which

n is odd was discussed in the former paper (Transactions, January, 1902)

and G was shown to be a subgroup of the group defined by the invariants

<-f>3, (f>t, (¡>5, •••, the latter group being holoedrically isomorphic with the first

hypoabelian group on 2p indices with coefficients taken modulo 2. For n

even, G is contained in the group H defined by the invariants <p4, </>6, •••,

with even subscripts. Jordan has shown (Traité, pp. 229-242) that H is

holoedrically isomorphic with the abelian linear group A on 2p indices with

coefficients taken modulo 2. The object of the present paper is to establish

the latter theorem by a short, elementary proof, which makes no use of the

abstract substitutions \_a-x, ßx, •••,«, ßl of Jordan, and which exhibits

explicitly the correspondence f between ' the substitutions of the isomorphic

groups.

2. We first define a non-homogeneous linear group Ax on 2p indices which

leaves the function xx yx + • • • + x y invariant modulo 2 and which is holoe-

drically isomorphic with the abelian group A. To the generators M., Lt, X{.

of A we make correspond the respective substitutions of Ax:

-v        x'i = yi,     y'i = Ki',

xi : x'i = xi4-yi4-l;

V x'i = Ki + yj,        »} — »j + Vr

Then to the general substitution of A,

p p

s-.        »i-£(v-V +*#*/)»     y'i = T,{ßij*j + eijyj)   t'«».•■•.*)>
•7 = 1 j=l

will correspond the following substitution of Ax:

* Presented to the Society February 22, 1902.    Received for publication January 13, 1902.

f It is shown in § 6 that this correspondence is in accord with that given by Joroan.
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p p
*'i - £ ( % «i A- y«, jr, ) + £ «<, ̂,

j=i j=i
<*■ p (i = l,--,p).

yi-£(^ + *»y,) + £.V«

In fact, the general correspondence S ~ a includes the assumed correspondences

Mt~rt,     Lt~\,     -^-~«v        a,j=i,--,p).

Moreover, if Sx ~ ax, it is readily verified that

IIS^p,^, ÍjA^Vk ^VyA~"vÖ'l       Cli-l.'    '.!»)•

Since the generators pi, \, v. leave invariant the function xxyx + • • ■ + x y ,

the general substitution <r of the group Ax will leave it invariant.

3. Theorem.*—The group Ax may be represented as a doubly transitive sub-

stitution group on the Rp = 22p-' — 2"~1 letters ixxyxx2y2---x yp) in which

xx, yx, • • • x , y  assume every system of solutions, not all zero, of the congru-

ence

(1) »i Vi A- x2y2 + • • • + xfyp m 1    (mod 2).

That Ax is transitive on the R letters may be shown by the usual methods of

linear group theory, or directly by the following remark. Let ( ax yx ■ • ■ a yp ) be

an arbitrary one of the letters. Then ax yx + • • • + a y =1 (mod 2 ). One sub-

stitution which belongs to Ax and which replaces ( 11 00 ••■ 00 ) by ( a, y, ■•• ot y )

is the following :
p

x¡ - (ai 7, + «1 + 7iK + («! + i)y, + E {(«1 + 1)7ä + («1 + i)«<yj
i=2

+ («i + l)(7i + l),

p
y'i = (7i+ l)*i + («i7i + «i + 7i)yi + g {(7i + 1)7^,- + (7i + 1)«,%}

+ (<*i + l)(71 + l),

x'j = «,(7i + l)*i + «,-K + l)2/i + iaj% A-1)^ + a.y,

+ Z)'(<W< + ajaiVi) + ^(«l + 7X+ 1)>

yj = 7,(7,. + 1)«! + 7,(«i A-l)yxA- yjXj A- (a^ + l)Vj

+ T, (yj%xi + ifjaiVi) + tyK + 7i +1) 1

where ]¡fj* denotes the summation i = 2,---,p;iArJ-

* For other applications one might employ the theorem that the group Ax permutes transi-

tively the 2* funotions a, xx + 6, yx -\-h aP xp + bp yp + a, 6, -|-h Op Î,.
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To prove that the group is doubly transitive, it now suffices to show that the

subgroup leaving the letter (11 00 • • • 00) fixed is transitive on the remaining

letters. The conditions that the general substitution a of A} shall leave fixed

the letter (11 00 ••• 00) are*

aa + Va + iL>a<iV«meai       ßa + S« + T>ßvh - e«     i*=l,--;p)

With these conditions satisfied, S belongs f to the second hypoabelian group

(with xx and yx playing the special rôle).    Employing these conditions, we may

give to cr the form :
p

x'i = Z (<V»j + IM) + aa + 7« + ea,t
J=l

f
(»•=!,•••,i>).

y'i == YAß& + %yf) + ßa + «« + efl .
J=l

It replaces (11 10 - • ■ 00) by (axcx a2c2 ■ ■ • o_c_), where

aici+-\-ac=l    (mod 2),
if

(2) a.2 + ea = ai,        ßi2 + ea = C< (i = \,---,p).

To show that the second hypoabelian group contains a substitution S whose

coefficients satisfy the conditions (2), we note that the inverse S~l is obtained by

replacing a.., ß.., y.., S by 8.., ß.{, y.., a.., respectively, so that the conditions

(2) give the following conditions on S~l :

82. = ai4-e.x,        ß2i = C< + efl    (mod 2) (i=l,---,p).

Hence the coefficients of y'2 in S~* are fully determined.    Also

ß* + S2i + Z ßuS* - «i + ci + («i + -!)(ci + 1 ) + £ a<ci
i=l i=2

■s^a^ + lsO    (mod 2).
p

I
4=1

But J the second hypoabelian group contains such a substitution S~l

4. Theorem.—The groups H and Ax are identical.

It is first shown that every substitution of Ax belongs to H.    By § 4 of the

former paper, p{ and v.. (which have the same form as Mi and Xr, respectively)

* Henceforth eg denotes 1 if i=j, but denotes 0 if f + j.

f Bulletin of the American Mathematical Society, vol. 4 (1898), p. 504.

J Dickson, Linear Groups, p. 202; or, American Journal of Mathematics, vol. 21

(1899), p. 227.
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leave the functions <b3, ibi, oS5, • • • invariant. Next, \ replaces the general term

of <p4 by

xi + yxA-l yx---)ixxA-yxA-l yx • • -)(*i + 2/i +1 2/1 ■ ••)

as, + x, + x, + y, + y, + y, +1 yxA-yxA-yx ••■),

which is seen to be a term of <f>4. In like manner, it may be shown that \

leaves invariant <j>6, (bg, • ■ ■; but alters <f>3, <f>6, <••.

It is next shown that every substitution of H belongs to Ax.    Let L be an

arbitrary substitution of H aria let it replace the letters

¿, = (00 11 00 ••■ 00),    Z2=(10 11 00  ... 00)

by certain letters l'x, 1'2, respectively. By § 3, Ax contains a substitution L'

which replaces lx by l[ and l2 by 1'2. Hence M = L' L will belong to H and

will leave fixed the letters lx, l2. Since M does not alter <f>4, it will leave

invariant the sum yjr of those terms of <j>4 which contain the factor lxl3. The

general term of yfr is therefore

lxl2(xxyx x2y2 x3y3 ■•-)(x1+l yx x2y2 x3y3 •••).

In view of (1), the last two expressions denote letters if, and only if,

p
^xiVi=l,        yx = 0    (mod 2).
i=l

But the letters lx and l2 satisfy these congruences. Hence yfr involves exactly

2R _, letters. Henee M must permute amongst themselves the remaining

R — 2Rp_x = 22p~2 letters, the general one of which is

p
(3) ixx 1 x2y2 x3y3 ■■■),        xxA-T,xiyi=1    (mod 2).

¿=2

The substitutions of Ax which leave unaltered the letters lx and l2 permute

transitively the 22p~2 letters (3 ).

Indeed, by § 3, the substitutions of Ax which leave lx fixed have the form

p
x'i = T, ( W + 1$j) A- aa A- y,.2 + e.2,

j=i
(i = l,   --fp).

3=1

The latter leaves l2 fixed if, and only if,

«„ = 1,    a21=0,    /9„ = 0,    /32, = 0,    ^ = ^ = 0 «=3,..,j,).



1902] IN   PROBLEMS   OF   CONTACT 381

Let cr1 denote the general substitution so defined and let Sx denote the corres-

ponding homogeneous substitution. Let ( cx 1 c2 d2 c3 d3 ■ ■ • ) be an arbitrary

letter of the form (3). The conditions that <rx shall replace (01 11 00 • • • 00)

by (Cll c2d2 •••)are

(4)  ci = 7„,  1 = K,  c2=')'21+1'  ^2 = S2i+1'  ci=riii,  di=Bn  (i = 3,---,p).

To prove that there exists a substitution ax satisfying the conditions (4) we

follow the method used at the end of § 3. We observe that S~l is the most

general substitution of the second hypoabelian group (with x2, y2 playing the

special rôle) which leaves the index yx unaltered. The conditions (4) give the

following conditions modulo 2 on S\~l

«a38 !» 7n = -V ai2 = d2+ 1, 7i2 = c2+ 1, au= aV, yu= ci   (¿ = 3, •■•,j)).

Hence the coefficients of x[ in Sxl are fully determined.    Also, by (3),

«,2 + 712 + É <V/h = 1 + ci + ÈCA = °    (mod 2).
1=1 4=2

But the second hypoabelian group contains a substitution of the form

p p

y[=yx,   x'x = '£1(ax.xi4-yHyi), ■■■,    (al2 + y12 + 2>li7l. = 0, an = 1).
4=1 4=1

Next, let M replace l3 = (01 11 00 • • • 00) by a letter 1'3 of the form (3).

By the preceding result, Ax contains a substitution T which replaces l% by I'.

Hence M= TQ, where Q is a substitution of H which leaves fixed the letters

lx, l2, l3. By § 9 of the former paper, Q permutes amongst themselves the

Rp_x letters (00 x2y2 x3y3 ■■■)■ The theorem may now be established by

induction from p — 1 to p. We proceed as in § 10 of the earlier paper, *

deleting the functions <f>3 and <-/>3(,,-1). As a basis for the induction, we show

that the theorem is true for p = 2, whence R = 6 .    The six letters

(0011),    (1011),    (0111),    (1100),    (1101),    (1110),

cannot be combined to give a term of <f>t, so that the latter does not exist when

p = 2. Evidently oS6 is the product of the six letters. Hence H is the sym-

metric group on six letters. But the order of the quaternary abelian group

modulo 2 is ( 24 - 1 ) 23 (22 - 1 ) 2 = 6 ! Hence the groups H and Ax are

identical when p = 2 f.

*One part of the proof by induction was there omitted, viz., the proof for the case p = 2,

whence R¡ = 6. That G, and T are identical follows from the equality of their orders (see (ill),

or more simply since Q is, for p = 2, either the identity or else is 3f2, permuting ( 1101 ) with

( 1110 ), and hence is hypoabelian

t For a direct proof of the holoedric isomorphism of the symmetric group on 6 letters and the

quaternary abelian group modulo 2, see Linear Groups, p. 99.

Trans. Am. Math. Soc. »5
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5. It follows that the order w  of H satisfies the recursion formula
p

M

wp = Rp(Rp-l)22p~2-^ ^ (22p-l)22p-x-wp_x.

Since w2 = ( 2* - 1 ) 23 ( 22 - 1 ) 2, we derive the result,

wp = (22v-l)22p-1(22p-2-l)22p-*--.(22-l)2.

6. To show that the above correspondence of operators of the isomorphic

groups H and A is in accord with that obtained by Jordan, we note that, in

view of p. 241 of Traité des substitutions,

[11 00-.00]~Jf,,   [10 00.-. 00] ~Z,,   [10 10 00 ■■■ 00] ~L2LxNi2.

Also (Traité, p. 230), [11 00 . • •] leaves (xxyx x2y2 ■■■) fixed M xx+yx = 0

(mod 2), but replaces it by (xx + 1 yx + 1 x2y2 • ■ •) if xx + yx = 1, and hence

may be designated

M, :    x'x = yx, y[ = xx.

Likewise, [10 00 • • •] leaves (xxyx x2y2 ■ • ■) fixed if yx = 1, but replaces it by

(xx + 1 yx x2y2 ■ ■ ■ ) if yx = 0, and hence may be designated

X, :    x[ = xxA-yxA-l.

Next, [10 10 00 • • ■] leaves (xxyx x2y2 • • •) fixed if yx + y2 = 1, but replaces

it by (xx + 1 yx x2 + 1 y2 x3y3 • ■ •) if yx + y2 = 0, and hence may be designated

X2Xi"12 :    ^ = «i + Vi + ^2 + 1 '  x2 = x2 + Vi A- y2 A- 1.

It follows that JV,2~ vX2.    In view of the symmetry, N¡.~ v.., etc.

The University of Chicago, January 10, 1902.


